This paper presents a hybrid fault-tolerant control (FTC) method to handle actuator-sensor compound faults in non-Gaussian uncertain stochastic systems with approximation errors. Considering that multi-source nonlinearities of a class of stochastic systems cannot be approximated by a unified method, fuzzy logic is used to linearize nonlinear parameters, and the Lipschitz condition helps to proof the stability of FTC systems with nonlinear sensing functions. Moreover, to handle compound faults, an adaptive hybrid fault compensation scheme is devised. When only a sensor fault occurs, the feedback contains the fault information, and a feedback error composite function in the controller direct compensates the fault passively. When multiple actuator faults and a sensor fault occur, an adaptive fusion observer simultaneously implements sensor fault masking and actuator fault estimation, and then an active-passive hybrid FTC algorithm uses a compensation function and fault estimation to perform both passive compensation of the sensor fault and active FTC of actuator faults. Furthermore, an adaptive algorithm that resembles the animal predation behavior makes the controller more sensitive to incipient fault deviations. Lyapunov functions prove the robust stability of the proposed fault tolerant systems with approximation errors, and simulation experiment verifies the performance compared to a state-of-the-art method.
I. INTRODUCTION
Non-Gaussian stochastic systems are often found in engine valve motor-jet plume integrated control. The probability density functions (PDFs) replaces output means, enabling non-Gaussian deformations to unveil more system internal information [1] . Thus, unlike the Gaussian systems which control the means, designing a controller with PDF deformations is necessary and more accurate [2] . Fault diagnosis (FD) and fault-tolerant control (FTC) can further improve the reliability of high-precision stochastic control systems of this kind, provide guidance to more stringent motor control processes [2] , [3] . However, some difficulties still remain: uncertainties, PDF approximation errors, stability with The associate editor coordinating the review of this manuscript and approving it for publication was Sing Kiong Nguang . multi-nonlinear functions and compound faults, especially the research on compound faults is scarce. This study's motivation is to solve these problems and provide reliable control of engine non-Gaussian stochastic systems.
As nonlinear control considers nonlinear factors, it is more accurate and versatile than its linear counterpart. Common nonlinear solutions include setting Lipschitz conditions, linear approximation, and feedback linearizat-ion [4] - [7] . In recent years, several progress has been made in this research field. In [7] , a robust adaptive cont-rol scheme was proposed based on backstepping for a class of nonlinear systems with unknown parameters. In [8] , the adaptive critic learning was used to perform H∞ control in a class of unknown nonlinear dynamic systems by adopting mixed data and event-driven design. In [9] , the robust control for a nonlinear stochastic jump diffusion system with continuous and discontinuous random fluctuations could achieve H∞ tracking performance.
Uncertain systems describe a class of systems with unknown parameter changes. Solving uncertain problems can make the system immune to complex environments and enhance the potential adaptability of the controller. In [10] , the theoretical foundation of PID control was studied to extend the single dimensional results to higher dimensional uncertain systems. In [11] , a key issue of developing reconfigurable FTC was studied to retain a nominal feedback controller and simultaneously handle actuator faults and uncertainty. In [12] , the active disturbance rejection control was now considered as a powerful control strategy in dealing with large uncertainty covering unknown dynamics. In [13] , authors studied the leader following consensus problem of multiple Euler-Lagra-nge systems subject to an uncertain leader system. In [14] , by fuzzy description of the uncertainty bound, the optimal design of the control gain was proposed, which minim-ized a fuzzy performance index associated with both the fuzzy system performance and the control effort. The singular systems represent a class of systems that contain both fast and slow-response control loops, therefore solving singularity problems require more complicated methods. In [15] , based on the positivity condition, the stability criterion was obtained for the positive singular systems with constant delays. In [16] , the finite-time H∞ filtering for a class of nonlinear singular non-homogeneous Markov jump systems was addressed by Takagi-Sugeno (T-S) fuzzy approximation approach, where the transition probabilities are timevarying and unknown. In [17] , an integral sliding surface was designed by the output variables of equivalent form of singular Markovian jump system and the state of reducedorder observer.
Compound or multiple faults have an hybrid nature and occur at different stages of control loops, and their study has been a research hotspot in recent years [18] - [20] . In [21] , new design methodology and performance comparison of two hybrid FTC were presented to apply to the regulation of the frequency and voltage amplitude of a diesel engine generator. In [22] , the electromagnetic time reversal was applied to the location of multiple sensor faults along a branch of an electric transmission line. In [23] , the signals acquired by acoustic sensors were considered, which were mixed with compound faults and noise signals, to develop a frequencydomain blind deconvolution algorithm based on an adaptive generalized morphological filter. In [24] , the sensor FTC was accomplished with observer and redundant sensors, for actuator FTC, estimation and reconfiguration techniques were all applied in the nominal control law.
Stochastic FTC theory has enabled the stable self-repairing control of systems with stochastic sensor signals. In highprecision metrology, most complex devices carry stochastic information, and hence stochastic FTC has a wide range of values [25] , [26] . In [27] , a compositional framework was proposed to approximate interconnection in a class of stochastic hybrid systems. In [28] , the rational square-root model was used to approximate the output PDF of non-Gaussian processes, finally adaptive FD and FTC were designed to achieve accurate tracking. In [29] , a statistical information function instead of the output value was used as driving information to design an adaptive FD observer. Then, FTC based on sliding-mode tracking was designed to obtain post-fault statistical function tracking.
As the existing hybrid compensations are not all aimed at compound faults, not a mixture of active and passive FTCs, or internal adaptation after mixing is not considered [21] , [24] , so the differences and contributions in this study are:
1) Development of an active-passive hybrid FTC scheme, under single sensor fault, a passive compensation function directly repair fault. Under sensor-actuator compound faults, the scheme passively shields the sensor fault while estimating and actively compensating the actuator faults.
2) Design of an integrated nonlinear robust controller. It uses fuzzy logic for nonlinear functions that are uniformly approximated and sets Lipschitz condition for nonlinear functions that are difficult to be uniformly approximated.
3) Proposal of a novel bioinspired architecture that resembles animal predation behavior to switch learning rates for incipient and large deviations in actuator faults, maintaining the system sensitive to different deviations.
The advantage of this paper is to effectively combine the accuracy of active FTC with the simplicity of passive FTC. The prey algorithm eliminates the coupling of two FTCs and make the active process sensitive to incipient faults. Section II defines the non-Gaussian stochastic systems with uncertainties and nonlinearities, actuator-sensor compound faults. Section III shows the direct passive FTC when only sensor fault occurs. Section IV shows the actuator fault estimation with compound faults. Section V proposes an activepassive hybrid FTC solution. Section VI designs the prey algorithm. Section VII verifies the effectiveness.
II. MODEL SYSTEMS AND FAULTS
In a stochastic dynamic system, y(t) ∈ [a, b] is a uniformly bounded stochastic variable describing the system output and u(t) ∈ R m×1 is the input vector that controls the shape of the output distribution. At any time, the distribution shape of y(t) can be expressed by its PDF output, γ (y, u(t)), that is
where P(a ≤ y(t) < b|u(t)) represents the probability of stochastic variable y(t) being within interval [a, b] under u(t).
As the square root B-spline prevents the output PDF from being negative, we use it to approximate the system output static model of PDF γ (y, u(t)). Let ϕ 1 (y), ϕ 2 (y), . . . , ϕ n (y) be n predefined B-spline basis functions in interval [a, b], and ω 1 , ω 2 ,. . . , ω n be weights associated with u(t). The output PDF with a sensor fault can be expressed as
where c represents the sensor fault, e 0 (y + c, t) is the PDF approximation error. Thus, the shape change of PDF, γ (y + c, u(t)), can be considered to be caused by the change of weight variable ω k (u(t)). As the integral of γ (y, u(t)) over interval [a, b] is 1, the following equation holds:
b k is the fault-free basis function and b c is the sensor fault response basis function. After the basis functions are determined, n is a positive constant, and therefore only (n − 1) weights are mutually independent, with the output PDF static model approximated by the square root B-spline being simplified as
. . , ω n−1 ] is the vector containing the first (n − 1) weights.
Remark 1: The basis functions can be continuously adjusted in advance to keep the PDF square root approximation results positive. All parameters can only be set within a reasonable range, so it is achievable to adjust the basis functions in advance to keep the PDF square root positive when facing all reasonable parameters. Finally, squaring on both sides of the equation can further improve the calculation reliability, avoid the occasional negative local accident when directly approaching PDF. Define
1 , 2 , and 3 are the fault-free basis function integration spaces, whereas 1 c , 2 c , and 3 c are the sensor fault integration spaces. Then nonlinear sensing function is
where
According to some expressions of Lipschitz's condition [30] , [31] , ζ (V (t)) meets the following inequality:
ζ (V (t)) indicates that the sensor measuring y has superior nonlinear characteristics. This modeling method not only maps the nonlinear sensors in engineering, but also helps to repair sensor faults.
Inequality (13) holds for any V 1 (t) and V 2 (t), M is a known matrix. Continuously uncertain singular non-Gaussian stochastic systems with actuator-sensor compound faults can be expressed as
where 
Fuzzy rules can be expressed as '
are the premise variables, M i1 , . . . , M iι are the fuzzy sets, h i (z) is the membership function.
Remark 2: The compound faults include the multi-loop actuator faults and a single sensor fault, where the sensor fault is a necessary trigger for the actuator faults.
Remark 3: The linear superposition operator in fuzzy logic has the highest-priority calculation weight, but in all derivation formulas, this operator is uniformly written to the left of each side of the equality or inequality, that is:
where i is a linear variable participating in fuzzy superposition, Y 1 is a compound variable containing both participating and non-participating fuzzy superposition variables, Y 2 is a non-participating variable in fuzzy superposition, and * is an arbitrary operator. Actuator faults are a class of intermittent time-varying step faults with incipient fault interval defined in the works of [32] and [33] and satisfying:
. , m, f j,σ (t) are values in the fault time interval, f jσ,inc (t) are values in the incipient amplitude interval, f jσ,non−inc (t) are values in the residual amplitude interval, σ = 1, . . . , σ 0 is the number of fault windows, and |u * j (t)| is the minimum norm when no compound faults occur. A and B are model uncertainties expressed as
where H i , E a , and E b are known constant matrices and N (t) is an unknown time-varying matrix satisfying N T (t)N (t) ≤ I . Assumption 1: System (14) is regular and pulseless, that is,
If Assumption 1 is true, there are reversible matrices L i1 and L i2 satisfying:
Assumption 2: Actuator faults, sensor fault, and their first derivatives are bounded, that is,
Remark 4: c is the initial sensor fault that is difficult to separate from output y using an online method. Each system has a different working environment, rendering the prediction of c infeasible under all conditions in real time with nominal outputs. However, a comparison test can allow to obtain c under some special premise variables, thereby fitting a general function for c. Then, the complete fault-fitting integration spaces can be obtained. The true sensor fault that fluctuates under this expression can be directly masked by passive compensation.
Lemma 1 [11] : LetẼ i ,H i , and N be real matrices with suitable dimensions and N ≤ 1. For any scalar δ > 0, the following inequality holds:
III. DIRECT PASSIVE FTC
First, considering model uncertainties and PDF approximation error, the fault-free PDF tracking controller is designed such that the output PDF of the uncertain singular non-Gaussian stochastic system meets the following expected PDF, γ g (y):
where V g is the expected weight vector. Input u 1 (t) and the determination item A i V g can be augmented to
Matrix B i is non-singular, and the improved control input is thus
Define the weight tracking error as
Control input U 1 (t) is constructed by the integral of output PDF tracking error as a feedback structure:
a e 0c dy. hyb(K i ) is the composite function with the prey algorithm and direct passive compensation of the sensor fault. The passive compensation function can obtain sensor fault information through weight tracking error using (30) :
where V g = [ω 1g , ω 2g , . . . , ω (n)−1g ] T is the expected weight, ε 1 is the absolute value integral of weight tracking error, and T 0 is the tracking stable moment before the sensor fault occurs. The systems perform a nominal tracking task only at t = 0s during the complete time domain, and the sensor fault occurs after T 0 . By adapting parameters 1 and 2 with appropriate dimensions and combining with ε 1 containing the sensor fault information, the controller can achieve direct passive compensation without measuring the sensor fault. According to Remark 1, the sensor fault must occur if the actuator faults occur, and hence it is still necessary to directly repair the sensor fault under a compound fault. Function prey(·) denotes the prey adaptive algorithm, whose internal structure is introduced in Section 6. The controller given by (29) can be derived as
Hence, the control input is
Substituting (34) into (14), the closed-loop dynamic system is obtained as
Theorem 1: If there is a positive symmetric matrix P i and a matrix hyb(K i ) such that the following linear matrix inequality (LMI) holds and
, as shown at the bottom of this page, where λ > 0 and η j (j = 1, 2, 3, 4) represents a constant value,
Proof: Consider the following Lyapunov function:
Its first derivation iṡ
According to (38) and (39), inequality (40) can be obtained:
Multiplying i in the left and right by diag{P −T i , I , I , I } and diag{P −1 i , I , I , I }, respectively, and setting P k
where, (46) and (47), as shown at the bottom of the next page, and
According to Lemma 1, inequality (49) is obtained as
Based on the Schur lemma, if i3 < 0, i < 0 is established, where, (52), as shown at the bottom of this page
we can obtain M i01 = M i31 + λI . Thus, according to Theorem 1, if 0 < 0 and λ > 0, then i3 < 0 and the following inequality holds:
Hence, if (55) holds,˙ 1 < 0 is obtained.
This means that state x(t) is bounded and the closed-loop system is stable. The proof is completed.
From equation (34), control input u(t) is also bounded, and
IV. ACTUATOR FAULT ESTIMATION
Fault estimation aims to determine the time and magnitude of a fault and provide usable information for subsequent FTC design. Consider the following estimation observer:
wherex(t),V (t), andF tvs (t) are the estimates of the state, weight, and fault vectors, respectively, K id , i1 , and i2 are
gain matrices to be solved, ε(t) is the residual signal, and
In (57), prey(·), which is detailed in Section 6, is a function that varies with the estimated value of actuator faults. It can be combined with i1 and i2 to both achieve adaptive fusion estimation based on fuzzy precondition variables and actuator faults, and help the observer to shield from the sensor fault cooperating with u(t).
The observation error dynamic systems are
The following observation error dynamic systems and fault estimation error dynamic systems can be obtained:
Theorem 2: If there is a positive definite symmetric matrix P i , a gain matrix K id , and prey( i1 ) > 0 along with prey( i2 ) make the following LMI (63) true, where λ is a positive real value and η i is a suitable parameter, then the observation error dynamics (61) and the fault estimation error dynamics (62) are stable.
Its first derivative is:
After multiplying in the left by diag(P i L −T i2 , I ) and in the right by diag(L −T i2 P T i , I ), i0 is decomposed into i0 = i1 + i2 , where, (68)-(70), as shown at the bottom of this page.
According to Lemma 1, we can obtain
Then, the Schur's lemma shows that if i1 < 0, then
+ λI , and hence if i <0, the following inequality holds:
If (74) holds,π < 0 is finally obtained.
Furthermore, the observation error dynamic system (61) and the fault estimation error dynamic system (62) are stable. The proof is completed.
V. HYBRID FTC
Combining active reconstruction based on estimation and direct passive compensation (see Section 3) constitutes the proposed hybrid FTC algorithm. After the actuator fault is estimated, the tracking controller needs to be reconstructed based on the estimation information for the output PDF to keep tracking the desired distribution when actuator-sensor compound faults occur.
The weight tracking error is defined as e v = V (t)-V g , and the state tracking error system is e m (t) = x(t)-x g , where x g = D * i V g and D * i is the pseudoinverse of matrix D i . The tracking error dynamic systems are expressed as
Assume that the reconstructed improved tracking control input is given by and ρ(t) ≤ M ρ . The reconstructed FTC input has the same form of augmented tracking control input U 1 (t) and does not change the controller structure, while increasing the fault information for feedback. Substituting the reconstructed improved controller U (t) = u(t) + l i=1 h i (z)B −1 i A i x g into (75), the following tracking error dynamic systems are obtained:
Theorem 3: If there is a positive definite symmetric matrix P i and a gain matrix hyb(K i ) = prey(K i ) + 1 ε 1 2 , such that the following LMI holds, where λ is a normal number and η i (i = 1, 2, 3, 4) are given parameters, then the tracking error dynamic system (79) is stable, (82) as shown at the bottom of this page. And
In addition,
(82) VOLUME 8, 2020 Proof: Consider the following Lyapunov function:
Hence, inequality (86) is obtained as follows:
Let P i1 = P −1 i . After multiplying by diag{Pi −T , I , I , I , I } on the left and diag{Pi −1 , I , I , I , I } on the right, i can be decomposed into, (87) and (88), as shown at the bottom of this page, where
31136 VOLUME 8, 2020 From Lemma 1 and the Schur lemma, i<0 is equivalent to, (89), as shown at the bottom of the previous page. And
Therefore, if the parameters are selected to make (91) holds, inequality˙ 2 < 0 can be proved.
Finally, the tracking error dynamic system (79) is stable, and the proof is completed.
Replacing the actuator fault value in the observed value allows to obtain the hybrid fault-tolerant controller as
VI. BIONIC PARAMETER VARYING ARCHITECTURE
A bionic strategy that mimics animal predation allows parameters set to be optimal for incipient actuator faults, enhancing the tracking performance. An antelope can use the surrounding birds to judge threat from cheetah and respond to it by running or continue grazing [2] . Figure 1 shows the position. The correspondence of insensitive and sensitive prey strategies are shown in Tables 1 and 2 . Replace cheetah, antelope, and alert birds with F tvs , u(t), and (t), respectively. Tables 3 and 4 can provide the corresponding relationship of the prey algorithm, where K i1 , i11 , i12 , K i2 , i21 , and i22 are the LMI-compliant adaptive parameters; κ ∈ R + is a threshold that is approximately equal to 0 and satisfies κ 0.1m|u * (t)| = 0.1m min{|u * j (t)|}. χ is the L1 norm of the actuator faults and (t) is the L2 norm of weight tracking error satisfy:
The algorithm steps are as follows:
Step 1: Fault amplitude is less than or equal to κ; no fault; and parameters are set to K i1 , i11 , i12 .
Step 2: Fault amplitude is larger than κ and less than or equal to 0.1; incipient fault; if (t) is less than τ , then parameters are insensitive and set to K i1 , i11 , i12 .
Step 3: Fault amplitude is larger than κ and less than or equal to 0.1; incipient fault; if (t) is larger than or equal to τ , then the parameters are sensitive and set to K i2 , i21 , i22 .
Step 4: Fault amplitude is larger than 0.1; large value fault; parameters are set to K i2 , i21 , i22 .
Step 5: Return to Step 1 without modifying the content. Based on the prey algorithm, (34), (57), and (76) are improved by the following switching laws:
Prey algorithm helps to achieve effective estimation of actuator faults with different amplitudes while avoiding the interaction between sensor FTC and actuator FTC.
Remark 5: We decompose the linear matrix inequalities in multiple steps, finally turned the matrices that cannot be solved directly by the LMI toolbox into several solvable matrices: 1) The fuzzy superposition state is decomposed into linear modes; 2) hyb(·) includes a prey switching function and a feedback error linear learning function. The complex actuator amplitude change is converted into two sets of constant parameter matrices by prey algorithm. So prey(·) could also be decomposed into two stationary parameters. Finally, a complex matrix is decomposed into four solvable matrices.
3) The feedback error learning function 1 ε 1 2 , its learning rates are the constants, and the nonlinear change of the integral of feedback error absolute values in a very small interval could be replaced by a constant larger than its boundary in LMI toolbox.
VII. SIMULATION
A valve motor-jet plume integrated engine platform with multiple inputs and single stochastic output is used to verify the feasibility [2] . The motor rotation openings in the hydrogen and oxygen circuits control the fluid flow, then control jet plume shape. The sensor array collects the plume temperature and obtains its PDF.
For the systems described in (14) , the output PDF describing the plume temperature can be approximated by the following B-spline, ϕ k (y) (k=1, 2, 3): where I (y) ( = 1, . . . , 5) is an interval function defined as
The sensor fault appears at 20 s and is defined as
where rand (1) is an incipient random function between 0 and 1. Assumption 2 ensures that output y + c of the sensor fault is within integration interval [a, b] .
The nonlinearity of the system is caused mainly by output weight ω 1 in V (t), where ω 1 has two related fuzzy sets {ω 1 = 0.05π} and {ω 1 = 0.25π }. Then, i = 1, 2, and the corresponding membership functions are given by
Thus, the fuzzy rules can be described as follows: Rule 1: If ω 1 is approximately 0.05π , then i = 1.
Rule 2:
If ω 1 is approximately 0.25π , then i = 2. According to the engine valve structure, we set that hydrogen supply motor speed, oxygen supply motor speed and position are the input control variables. The linear modal parameter matrices in systems (1) and (2) are set as: When |u * j (t)| ≤ 0.1, the system parameter matrices can be transformed into an equivalent condition with |u * j (t)| > 0.1, and the values of the parameter matrices have considered this to be equivalent. Hence, we define the intermittent timevarying step actuator faults as follows:
According to the definition of incipient faults, and considering σ 0 = 1 and setting the fault window intervals, the actuator fault assignment is given as F 1tvs (t) = F 11 (t), t ∈ (20s, 80s] 0, otherwise, F 11 (t) = F 11,inc (t), t ∈ (20s, 40s] F 11,non−inc (t), t ∈ (40s, 100s],      F 11,inc (t) = 0.1, t ∈ (20s, 40s] F 11,non−inc (t) = 1.2, t ∈ (40s, 60s] F 11,non−inc (t) = 1, t ∈ (60s, 100s]
Changing from 1.2 to 1 resembles a superimposed actuator fault generated by multiple electromagnetic inter-ference sources in a superimposed interval. The LMI helps to obtain the learning rates: compound faults. The new method is stable and accurate, whereas the comparison method neither provides passive compensation nor uses the prey algorithms, being unable to estimate actuator faults, especially incipient faults, and FTC for PDF cannot be realized.
In Tables 5 and 6 , e ss1 , e ss2 , and e ss3 are the steadystate estimation errors of F 1tvs , F 2tvs , and F 3tvs , respectively, e ss,SF and e ss,CF are the PDF tracking errors under sensor and compound faults, respectively, T1 to T4 are the faultfree (0-20s), incipient fault (20-40s), superimposed fault (40-60s), and after-incipient fault (60-100s) periods, respecti-vely. Each value is maximum in the corresponding period. Table 7 is a deep analysis of Tables 5 and 6 , showing that the new method is more optimized than the traditional method. the new method is 100 times more accurate than the traditional method most of the time. This further illustrates the advantages of the new method. '−' means that no data is required. NM and TM are the abbreviations of new method and traditional method, respectively. Figures 3-6 show the simulation diagrams of the propo-sed approach. Figure 3 shows the estimation of multiple actuator faults. Figure 4 shows the actuator fault estimation residual. In (a), sensor fault occurs at t = 20s, and the residual suddenly changes. The observer during active FTC calculates the residual integral to acquire and shield sensor fault, ensuring normal actuator fault estimation. (b) is the residual when compound faults occur, indicating that the observation remains stable. Figure 5 shows a diagram of FTC tracking output PDF. There is almost no difference in the tracking results after stabilization, so without loss of generality, the output crosssection at t = 50 s reflects the algorithm performance. Figure 5 (a) shows that the direct passive FTC tracks the expected PDF if only the sensor fault occurs, Figure 5 (b) shows that controller cannot accurately track the PDF without hybrid compensation when compound faults occur. Figure 5 (c) shows that active-passive hybrid compensation can suitably handle compound faults and track the PDF. Figure 6 is a 3-dimensional plot of fault-tolerant tracking control, showing that accurate hybrid tracking of all output possibilities in the full time domain can be achieved.
VIII. CONCLUSION
Two simplification concepts were used to control multiple nonlinear systems. Fuzzy theory approximates the functions that can be uniformly linearized. For functions that cannot be uniformly linearized or linearization will induce large errors, Lipschitz condition helps to achieve nonlinear control. The robust design of the proposed fault estimation and FTC ensures that the system is insensitive to the output PDF approximation errors. Finally, active-passive hybrid compen-sation suitably handles uncertain conditions: direct passive FTC automatically compensates a sensor fault, while active FTC accurately estimates actuator faults for quick compens-ation and PDF tracking. The adaptive parameter adjusting algorithm, which resembles animal predation behavior, increases the active FTC sensitivity to incipient faults and allows optimizing performance under different fault amplitu-des. Simulation results verify the superiority of the proposed FTC approach compared to a state-of-theart method. The proposed approach provides insights on the control of non-Gaussian stochastic systems with complex faults, strong nonlinearities and parameter uncertainties, and has wide application value.
